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Singular Value Robustness Tests for
Missile Autopilot Uncertainties

Kevin A. Wise*
McDonnell Douglas Missile Systems Company, St. Louis, Missouri 63166

Singular value robustness tests that evaluate missile autopilot sensitivity to neglected/mismodeled dynamics
and real parameter variations are presented. Robustness theorems by Doyle and Lehtomaki are used to evaluate
autopilot sensitivity to neglected and mismodeled actuator dynamics and neglected bending dynamics. The
structured singular value /t-test of Doyle is used to compute a multivariable stability margin and to evaluate
autopilot sensitivity to uncertain aerodynamic stability derivatives, modeled as real parameter variations. The
conservatism of these robustness tests is discussed.

Introduction

MUCH recent attention has been focused on determining
the robustness of multivariable feedback designs in the

presence of uncertainties. In particular, this focus has been
on frequency domain techniques (methods which employ sin-
gular value frequency responses). These new methods of anal-
ysis join, and in some cases replace, the classical Bode and
Nyquist techniques with multivariable generalizations and ex-
tend many modeling uncertainty capabilities. This application
paper presents a brief overview of the theory and methods
available and demonstrates their application using a missile
flight control system.

In the early 1980s, several papers appeared describing how
multivariable feedback systems can be analyzed in the fre-
quency domain.1'2 The techniques introduced at that time use
singular value matrix norms to analyze multi-input/multi-out-
put (MIMO) feedback designs. One of the more noted applica-
tions of the singular value analysis technique was its applica-
tion to linear quadratic (LQ) feedback designs. Anderson and
Moore,3 in an early text, described the stability characteristics
of a single-input/single-output (SISO) LQ feedback design. It
was shown that the Nyquist loci for an LQ state feedback
design does not enter a unit disk centered at the (- 1, j 0) point
in the complex plane, guaranteeing a (-1/2, + oo) gain mar-
gin and a ±60 deg phase margin. Using singular value matrix
norms this same property was shown to hold for MIMO LQ
state feedback designs.

Doyle4 (and extensions made by Lehtomaki5) developed
several robustness theorems, which were fundamental in de-
veloping the analysis techniques used to analyze model uncer-
tainties. These methods utilize singular value theory as a
means of measuring the size of MIMO frequency dependent
matrices. The use of singular value theory has become very
popular and several techniques have been developed for com-
puting singular value gain and phase margins6'7 with the cre-
ation of a universal gain and phase margin diagram.7 This
diagram and other methods as well were used to transform the
singular value concepts into classical measures of stability and
robustness with a focus on analyzing MIMO systems in the

frequency domain. As a result of this work, significant insight
was displayed7 in relating the singular value gain and phase
margin equivalents to their classical counterparts.

The singular value robustness tests developed by Doyle4 and
Lehtomaki5 modeled control system uncertainties using a full
single-block matrix structure. If the uncertainties were truly
unstructured and in this form, then these tests are not conser-
vative. If the uncertainties did enter the system in a structured
way, these tests produced conservative estimates of stability
robustness. This fact is demonstrated in this paper by compar-
ing the stability robustness of two missile autopilot designs
under structured and unstructured uncertainty.

Doyle8'9 later developed a method of incorporating the
structure of the uncertainty into the uncertainty analysis. This
capability reduced the conservatism of the previous singular
value techniques by utilizing a multiple-block diagonal struc-
tural model of the uncertainties. This test is called the struc-
tured singular value (SSV) ju-test.

One of the more important applications of the ji-test is the
analysis of real parameter variations.10 This particular type of
problem has faced control system design engineers since the
beginning. Classical gain and phase margins have been the
answer to analyzing this problem in the past. Until recently,
the classical linear analysis techniques were not useful in ana-
lyzing this problem, unless the problem was formulated into a
root locus problem. When real parameter variations are mod-
eled, they often appear nonlinearly in the characteristic equa-
tion. The methods developed by Morton10'11 formulate the
problem in such a manner that the ju-test, when applied, will
conservatively analyze the real parameter variation.

In contrast to the above singular value based tests, robust-
ness to uncertainties is also analyzed using polynomial meth-
ods. A myriad of papers which utilize Kharitonov's theorem12

and variants thereof have recently been published. Khari-
tonov's theorem analyzes the robustness question by examin-
ing the Hurwitz (stability) properties of a family of polynomi-
als whose coefficients are based upon the system's char-
acteristic equation and uncertainties. Barmish13 presents an
excellent literature review on these polynomial methods.
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Robustness Theory
Uncertainty models may be categorized as unstructured or

structured. If the system's uncertainty is modeled as a full
single-block matrix, the uncertainty is unstructured. If the
uncertainty is modeled as a block diagonal matrix, the uncer-
tainty is structured. Both unstructured and structured uncer-
tainty analysis procedures use singular value theory to mea-
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sure the size of complex valued matrices. These methods are
outlined in this section.

Unstructured Uncertainty Analysis
The robustness theorems which are used to analyze the

uncertainty models are derived from an application of
the multivariable Nyquist theorem (see Postlethwaite14 or
Athans15 for a statement of the multivariable Nyquist theo-
rem). Consider the system shown in Fig. 1. The basic problem
is to determine the robustness of the design in the presence of
uncertainties. This design has the state space realization using
the triple (A ,B,K) with the loop transfer matrix (LTM) given
by

(1)

We wish to determine to what extent the parameters in the
LTM can vary without compromising the stability of the
closed-loop system. It can be shown14 that

(2)

where

<t>oi(s) = det[s/ - A ]: open-loop characteristic polynomial

<t>d(s) = detfs/-A + BK]: closed-loop characteristic
polynomial

Let N(b\,f(s), D) denote the number of encirclements of the
point bi by the locus of/(s) as s transverses the closed contour
D in the complex plane in a clockwise sense. Using these
definitions the multivariable Nyquist theorem can be stated in
the following form.

Theorem 1: Multivariable Nyquist Theorem15

The system of Fig. 1 will be closed-loop stable in the sense
that <t>d(s) has no closed right half plane zeros if and only if
for all R sufficiently large

,det[I + L(s)],DR)= -P (3)

or equivalently

N( - 1, - : det[I + L(s)], DR) = -P (4)

where DR is the standard Nyquist D contour, which encloses
all P closed right half plane zeros of 00/(s). Note that N(b^
f ( s ) , D) is indeterminate if </>(s0) = b\ for some s0 on the
contour D.

The stability robustness of a multivariable system can be
observed by the near singularity of its return difference matrix
(RDM) I + L(s) at some frequency s = ju0. If I + L(s) is
nearly singular, then a small change in L (s) could make / +
L(s) singular. From a SISO viewpoint, this is the distance
from the (- 1, y'O) point in the complex plane made by the
gain loci L(ju>). If the gain loci then encircle the (-1, /O)
point, instability results. The robustness theory discussed here
gives an analogous distance measure for multivariable sys-
tems.

The multivariable Nyquist theorem is of little applicability
as a robustness indicator because the det[7 + L(s)] does not

> B (sl-A)-N

K

indicate the near singularity of I + L(s). The multivariable
Nyquist theorem only determines absolute stability. To deter-
mine the degree of robustness for a multivariable system, the
singular value matrix norm is used. This matrix norm will
determine the near singularity of the RDM.

Examining the magnitude of the singular values of the re-
turn difference matrix will indicate how close the matrix is to
being singular. This measure of closeness to singularity is used
in forming a multivariable gain margin, similar to the classical
gain margin. However, as with many matrix norms, there is a
restriction on the applicability of the singular value analysis.
This restriction states that the compensated system described
using the LTM L(s) is closed-loop stable.

The singular value decomposition (SVD)16 of the complex
n x m matrix A is A = t/EF*, where U and V are unitary
matrices, whose columns denote left and right singular vectors
of the matrix A. The nonzero portion of the singular value
matrix is

E = diag[ai (5)

The singular values are ordered in size with a = a\ the largest
and a = a^ the smallest (if A is a square singular matrix, then
a = 0).

Classical gain and phase margins are used to measure the
robustness of SISO systems to perturbations in the feedback
loop. Singular values are used in measuring the robustness of
multivariable systems. Let L '(s) denote the perturbed LTM,
which represents the actual system and differs from the nomi-
nal LTM L(s) because of uncertainties in the open-loop plant
model. Assume that L '(s) has the state space realization (A ',
B', K') and open- and closed-loop polynomials given by

(6a)

(6b)= det[s/ -A'.+B'K']

Fig. 1 State feedback control system.

respectively. Define L(s,e) as a matrix of rational transfer
functions with real coefficients which are continuous in e for
all e such that 0 < e < 1 and for all s e DR, which satisfies
L(s,0) = L(s) and L(s,l) = L '(s). Using these definitions
of the perturbed model, we are ready to state the fundamental
robustness theorem of Lehtomaki.

Theorem 2: Fundamental Robustness Theorem5

The polynomial <£c'/(s) has no closed right half plane zeros,
and the perturbed feedback system is stable if the following
holds:

1) <l>oi(s) and 00'/(s) have the same number of closed right
half plane zeros; <fe(s) has no closed right half plane zeros.

2) det[7 + L(s,e)] = 0 V (s,e) in DR x [0,1] and V R suffi-
ciently large.

This theorem states that the closed-loop perturbed system
will be stable, if by continuously deforming the Nyquist loci
for the nominal L(s) into that of the perturbed system I + L
(s,e), the number of encirclements of the critical point is the
same for L f(s) and L(s)9 then no closed right half plane zeros
were introduced into 0c'/(s)» resulting in a stable closed-loop
system.

This theorem is used to develop simple tests for different
types of model error characterizations. Just as there is not a
unique representation for dynamic systems, there are many
different forms for describing their modeling errors. The most
common model error characterizations are additive errors and
multiplicative errors (also described as relative or absolute
errors). The classical gain and phase margins are associated
with multiplicative error models since these margins are multi-
plicative in nature. (See Doyle,9 Table 1, for representative
types of uncertainty characterizations.)
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and the multiplicative model error is given by

and for the multiplicative error model we have

Let E(s) denote the modeling error under consideration.
The additive model error is given by

(7)

(8)

The perturbed LTM can be constructed using Eqs. (7) and (8).
For the additive error model, we have

(9)

(10)

Both Eqs. (7) and (8) imply the same L(s,e) using different
model error characterizations. In both Eqs. (7) and (8), L(s,e)
is given by

(11)

showing that L(s,e) is continuous in e f or e € [0,1] and for all
stDR.

We have now defined the true perturbed plant model in
terms of its nominal design model and the uncertainty matrix.
The fundamental robustness theorem uses the return differ-
ence matrix / + L(s9 e) to determine if the number of encir-
clements of the critical point will change with the uncertain-
ties. This happens when / + L(s,e) becomes singular, in which
case the det[7 + L (s,e)] =0.

Using the multiplicative error characterization, the RDM is

(12)

or

s,e) = >l +B

with A —I + L(s) and B = Em(s)L(s). For the perturbed sys-
tem to be unstable, viewed through a change in the number of
encirclements of the det[7 + L (s ,e)] , the matrix A + B must be
singular for some e € [0,1] and s €£>/?. We know that A is
nonsingular (the RDM of the nominal design) since the nomi-
nal design is closed-loop stable. Thus, if the uncertainty is
going to create instability, then the matrix B, when added to
•A , must make A + B singular.

The use of singular values plays an important role in analyz-
ing the near singularity of matrices. The maximum and mini-
mum singular values of the matrix A are defined as

max \\Ax\\2

min I \Ax\ I

(13a)

(13b)

The minimum singular value a[A ] measures the near singular-
ity of the matrix A. Assume that the matrix A + B is singular.
If A + B is singular then A +B is rank deficient. Since A +B
is rank deficient, then there exists a vector x = 0 with unit
magnitude (I I* 112= 1) such that (A +B)x =0 (x is in the null
space of A+B). This leads to Ax=-Bx with
I \Ax 112= I \Bx\ \2- Using the above singular value defini-
tions and I Ix 112= 1, we obtain the following inequality.

o[A}< \\Ax\\2 = \\B\\2 = o[ (14)

Theorem 3: Stability Robustness Theorem - Additive
Uncertainty Model

The polynomial <t>ci(s) has no closed right half plane zeros
and the perturbed feedback system is stable if the following
holds:

1) <t>ci(s) has no closed right half plane zeros.
2) a[7 + L (s)] > a[Ea(s)] V s € DR and for all R sufficiently

large, with Ea(s) given by Eq. (7).

See Lehtomaki5 for proof of this theorem.

Theorem 4: Stability Robustness Theorem -
Multiplicative Uncertainty Model

The polynomial </><?/(?) has no closed right half plane zeros,
and the perturbed feedback system is stable if the following
holds:

1) $c/(?) has no closed right half plane zeros.
2) a[I + L - l(s)] >a[Em(s)] V s € DR and for all R suffi-

ciently large, with Em(s) given by Eq. (8).

The proof of this theorem uses the singularity of A + B argu-
ment. Stability of the perturbed closed-loop system is guaran-
teed for a nonsingular 7 + L(s,e). Thus,

(15)

Here we assume that L~\s) exists. If 7 + L(s,e) is to be
singular, then [7 + L ~ l(s) + eEm(s)] must be singular. Thus,
to be nonsingular

(16)

or

To be singular, a[A] < a[B]. To be nonsingular, o[A]>a[B].
This is precisely how the stability robustness tests are derived.

(17)

(18)

Depending upon the model error characterization, either addi-
tive or multiplicative, the robustness test is different. Theo-
rems 3 and 4 are sufficient tests for stability. As long as the
singular value frequency responses do not overlap, stability is
guaranteed.

Structured Uncertainty Analysis: Complex Variations
The SSV analysis was developed by Doyle9 to reduce the

conservatism of evaluating stability robustness using unstruc-
tured singular value computations. By structuring the uncer-
tainty model into a block diagonal matrix form, and applying
the SSV ̂ i-test, a less conservative estimate of stability robust-
ness is obtained. See Doyle9 for details on the derivation of the
SSV^.

The modeling error matrix E (s)> Eqs. (7) and (8), assumes
that the matrix is full and arbitrary in form. The SSV ap-
proach better defines the allowable uncertainties, which struc-
tures the matrix E (s). A better known uncertainty model will
yield a less conservative analysis of the stability robustness.
The first step in the SSV analysis is to define the block diago-
nal perturbation (BDP) problem.

For the BDP problem, we want to transform the general
feedback system of Fig. 2a into the BDP structure of Fig. 2b.
The matrix A(s) describes the allowable uncertainties (possibly
complex) in the system.

The matrix A(s) is a block diagonal matrix, with each matrix
entry A, (5) on the diagonal corresponding to a matrix of
perturbations occurring in the system. The matrix - M(s) is
the transfer function between the output of the perturbation
to its input. The matrix depends upon K(s), G(s), and the
structure of the perturbations. M(s) is a block matrix where
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-9* K G r
M
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Fig. 2 Block diagonal structure.

the /, y'th block M(j(s) is the negative of the transfer function
from the output of A_/(s) to the input of A/(s).

For example, consider the system in Fig. 3. For simulta-
neous input and output perturbations (Ai, and A2 both arbi-
trary), we have

KG)~1KG + KG)
1 + GK)~* 1--IGKY

A = (19)

In order for the BDP structure to ensure stability for the
perturbed system, the nominal design without perturbation
must be closed-loop stable. Considering the input and output
perturbations described in Fig. 3, stability for the perturbed
system is guaranteed only when

det[7 + K(I + A2)G(7 + AO] * 0,VA!,A2 and Vs € DR (20)

Using the BDP structure, this is equivalent to

det[7 + MA] * 0>VA = diag(A!,A2) and Vs € DR (21)

The object of the SSV analysis is to bound the size of A,
viewed through a matrix norm, such that Eq. (21) is satisfied.

We can intuitively define the bound on the norm of A by
using the A + B argument of the preceding section. If det[7 +
MA ] = 0, then from the A + B argument, we know that

a[I] >a[MA]

Using a[MA]<a[M]a[A], aiid the fact that a[7] =
obtain what is referred to as the small gain theorem

(22)

1, we

(23)

The small gain theorem (SGT) is a sufficient test for stability.
If it is violated, the system may still be stable. In order to
bound the magnitude of the real parameter variations modeled
in A, we use the minimum of the l/a[M ] frequency response
and use this bound at all frequencies. The conservatism in this
bound is due to the 2-norm measure I IM 1 12. This bound on
A assumes that A is a full matrix, when in fact it is diagonal.
This is a conservative bound on A produced by the SGT.

The SSV fi analysis utilizes a block diagonal structure for A
in Eq. (23) to develop a less conservative analysis. For a
formal definition of ji, see Doyle.9 Using this restriction for A,
the size of A is limited through the restriction:

/i (24)
The problem is to find the smallest p such that for a block
diagonal A the system remains stable. The SGT would ignore
the structure of A and would result in ^ = a[M], which is a
worst case scenario (this would assume A to be a full single-
block matrix, which would be conservative if A was actually
block diagonal). Since the off diagonal terms in A are re-
stricted to be zero by the block diagonal restriction, n < a[M]
with a strong inequality for diagonal A. A detailed derivation
of the SSV fi can be found in Doyle.9 The SSV ^ is computed
by bounding ^ through the following optimization

t? ^
Fig. 3 Control system model with input/output uncertainties.

The analysis software used in this paper computes only the
upper bound on p by using the D-matrix optimization. Since
the matrix Mis frequency dependent, the £>-matrix optimiza-
tion is swept over a frequency range. This produces an upper
bound on fi, which is frequency dependent. The minimum of
the I/jit frequency response is used to bound a[A]. The lower
bound on p provides directional information on the destabiliz-
ing perturbations. This would indicate which perturbation
causes the system to be unstable. If both the upper and lower
bound were computed, the amount of conservatism in /* would
be evident by the spread between the upper and lower bounds.

Autopilot and Missile Airframe Dynamics
In this section, finite-dimensional linear time invariant

models are presented which are used to design the autopilots.
The dynamics of the missile have been separated into decou-
pled linearized pitch and roll-yaw subsystems. The pitch au-
topilot commands normal body acceleration. The roll-yaw
autopilot commands a stability axis roll rate (roll rate about
the velocity vector).

The conventional longitudinal flight control system for a
missile air frame is shown in Fig. 4. Using block diagram
manipulations, the block diagram of Fig. 4 is transformed into
the block diagram of Fig. 2a. In Fig. 2a the transfer function
matrix K(s) describes only controller dynamics. The nominal
rigid body longitudinal dynamics, containing uncertain
parameters, is represented by G(s).

The states modeled in the open-loop rigid body airframe
model are angle of attack a (fad) and pitch rate q (rad/s). The
output variables are acceleration Az (ft/s2) and pitch rate q.
The state equations are

a = Zaot + Z§6 + q

q =

VZdd.

(26a)

(26b)

The aerodynamics are modeled at Mach 0.8 (V = 886.78
ft/s) and an altitude of 4000 ft. At a trim angle of attack of 6
deg, the linearized airframe is open-loop stable in pitch. At a
trim angle of attack of 16 deg, the airframe is open-loop
unstable. Table 1 displays the nominal aerodynamic stability
derivatives (Za, Z§, Ma, M5) at both of these conditions. The
autopilot design K(s) stabilizes the nominal plant model G(s)
using output feedback, as shown in Fig. 4, and provides
acceleration command following.

The body axis roll-yaw flight control design equations are

=/? sin(a) - r cos(a) + Ydada + Ydrdr

8ada + Ldrdr

(27a)

(27b)

(27c)

r1 Kq(s+aq)
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(25) Fig. 4 Longitudinal autopilot.
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Table 1 Nominal Aerostability Derivatives

Pitch
<x,deg
6
16

a,deg
6
16

6
16

6
16

Z«,l/s
-0.8757
-1.2100

y/s,i/s
-0.0251
-0.0052

£0,1 /S2

574.7
556.8

Afa,l/.s2

16.20
5.679

Z5.1/S

-0.1531
-0.1987

Roll-yaw
IW/s

0.1228
0.1338

Lda,l/S2

195.5
70.2

N8a,l/s2

-53.61
-57.03

A/a,l/S2

-68.0209
44.2506

r«r,l/s
-0.2763
-0.1004

L6r,l/s2

- 529.4
- 1879.0

Afer,l/S2

33.250
5.7471

M6,l/s2

-74.9210
-97.2313

where & is sideslip angle (rad), p is body roll rate (rad/s), r is
body yaw rate (rad/s), and 6a and dr are aileron and rudder fin
deflections (radians). The variables Yp, Yda, Y8r, Lp, L8a, Ldr,
Np, Nda, and N8r are dimensional aerodynamic stability deriva-
tives obtained from aerodynamic measurements of lateral side
force and roll and yaw moments. Nominal values for these
variables are listed in Table 1.

The stability axis coordinate system is defined as the trans-
formation of body axes to the stability axes using angle of
attack a. Wind axis coordinate system is defined as the trans-
formation of stability axes to wind axes using sideslip angle 0.
The missile velocity vector is pointed along the x-axis of the
wind coordinate system. In a bank-to-turn (BTT) autopilot,
induced roll is minimized by rolling the missile about the
velocity vector. Assuming that 0 is very small, this is a rotation
about the A:-axis in the stability axis coordinate system.

The roll-yaw autopilot taken from Wise17 transforms the
body axis dynamics to stability axes and uses plant shaping
gains to decouple roll and yaw input channels. The rate loops
are then closed using proportional-plus-integral control ele-
ments.

Autopilot Uncertainty Analysis in the
Frequency Domain

In this section robustness theory is applied to the uncertain-
ties created by mismodeled and/or neglected actuator dynam-
ics, neglected bending dynamics, and aerodynamic uncertain-
ties modeled as real parameter variations. These uncertainties
are modeled and analyzed using unstructured and structured
singular value-based robustness tests.

Actuator Uncertainty Analysis
Here we demonstrate the application of the stability robust-

ness theorem in determining autopilot sensitivity to knowledge
of the actuator dynamics. We examine two cases: 1) neglected
actuator dynamics and 2) mismodeled actuator dynamics. An
open-loop stable flight condition is used (trim angle of attack
of6deg).

Missile autopilots are designed before many of the subsys-
tem component specifications, such as those for actuators,
have been defined. The following analysis shows how to eval-
uate autopilot sensitivity to control actuation system specifica-
tions using singular value robustness theory.

Neglected Actuator Dynamics
Figure 2a displays the autopilot transfer function K(s) and

uncertain missile dynamics G(s). For a multiplicative uncer-
tainty at the plant input, we have

The nominal pitch open-loop transfer matrix is G0(s), with
elevon fin deflection 5 as the input and normal body accelera-
tion Az and pitch rate q as the outputs. The autopilot gains in
Fig. 4 areKa = -0.001, az = 3.0,Kq = -0.2, and aq = 3.0. The
scalar pitch loop transfer function L (s), at the plant input, for
the true model is

(29)

(30)

Using a second-order transfer function model for actuator
dynamics, the multiplicative uncertainty model Em(s) created
by neglecting the dynamics is given by

For the nominal design model,

5(s)
~~dc(s)

(31)

where f = 0.6 and wa is treated as the unknown actuator
natural frequency.

The roll-yaw open-loop transfer matrix is a 3 x 2 matrix,
with aileron da and rudder 5r fin deflections as control inputs
and lateral acceleration Ay, roll rate p, and yaw rate r as
outputs. The compensator matrix K(s) containing plant shap-
ing gains and conventional proportional-plus-integral control
elements, taken from Wise,17 is

(32)
\Ki K^\\Q Kp(s+ap)/s Ol

~lK3 K4\[o 0 Kr\

where Kp = 0.0135, ap = 4.0, Kr = -0.173,^ = 1.0143, K2
= -0.1472, K3 = - 0.4691, and K4 = 0.6789. The multi-
plicative uncertainty model describing neglected actuator dy-
namics is a 2 x 2 matrix with Eq. (31) on the diagonal
elements.

Our goal is to show that the pitch and roll-yaw designs are
robust to neglected actuator dynamics. To show this we apply
the stability robustness theorem 4 and establish that

l(s)]>a[Em(s)]Vs € DR (33)

with L(s) given by Eq. (30).
The above singular value frequency response comparison is

only a sufficient test for stability. As long as the singular value
frequency responses do not overlap, stability is guaranteed.
This robustness test is used here to determine the lowest actu-
ator natural frequency (actuator dynamics) that guarantees
stability. After a missile autopilot has been designed to meet
performance goals, this test can be used to define minimum
control actuation system specifications.

Figure 5 displays the stability robustness theorem applied to
the pitch and roll-yaw flight control systems. The intersection

= G0(s)[l+Em(s)] (28)

_r_ ,. ., NEGLECTED
0[Em(j(0)J - ACTUATOR

UNCERTAINTY MODEL

Fig. 5 Robustness to neglected actuator dynamics.
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of a[I + L-l(s)] and a[Em(s)] violates the stability robustness
theorem, which indicates that the closed-loop system is not
guaranteed to be unstable. (An eigenanalysis performed on
both the pitch and roll-yaw systems did show unstable closed-
loop systems.) It should be evident from these two figures that
the dip below 0 dB made by the a[I + L ~l(s)] frequency locus,
as well as the frequency at which the dip occurs, plays an
important role in creating a robust design. Figure 5 shows
both pitch and roll-yaw flight control designs to be equally
sensitive to neglected actuator dynamics. This was expected
since both designs were designed to have similar stability mar-
gins. In pitch, Eq. (33) is violated for cofl < 2.8 Hz. In roll-
yaw, Eq. (33) is violated for coa < 2. 1 Hz. These results show
that stability for the missile flight control system is not guar-
anteed for actuator natural frequencies below 2 Hz. Perform-
ing this analysis at the highest dynamic pressure flight condi-
tion (this is where the flight control system usually has the
highest bandwidth) would indicate the minimum actuator nat-
ural frequency required to guarantee stability.

Mismodeled Actuator Dynamics
In this case the actuator dynamics are included in the de-

sign, but the natural frequency is mismodeled using the rela-
tion o>tnie =' eo)fl. The nominal actuator natural frequency is
assumed to be 10.8 Hz. The multiplicative uncertainty model
for this case is

Em(s) = -
s2 + 2faaes + cojje2 (34)

Figure 6 displays the results of the stability robustness theo-
rem applied to the pitch and roll-yaw flight control designs
(created using the nominal actuator model) using a mismod-
eled actuator multiplicative uncertainty model. Figure 6 shows
that when the true actuator natural frequency approaches 2
Hz, Eq. (33) is violated. Even though the design model in-
cluded a nominal actuator model, we chose (for illustrative
purposes only) to use the same autopilot gains. Thus, the
mismodeled actuator uncertainty analysis predicts the same
actuator natural frequency as the neglected actuator uncer-
tainty analysis.

We have demonstrated using the singular value-based stabil-
ity robustness theorem a method which predicts autopilot
sensitivity to uncertain actuator design parameters. This anal-
ysis indicates the minimum actuator natural frequency which
guarantees stability and the sensitivity to knowing this fre-
quency.

Bending Uncertainty Analysis
The effectiveness of bending compensation can be evaluated

by modeling neglected bending dynamics as a multiplicative
plant input uncertainty and by applying Eq. (33). Both pitch
and roll-yaw autopilot designs were designed ignoring flexible
body dynamics. In the pitch flight control design, a notch
filter centered at the first pitch bending mode (35.2 Hz) com-
bined with a 30 Hz low pass filter is used to compensate for
bending. In the roll-yaw design, a notch filter at 49.3 Hz is
used with a 30 Hz low pass filter. The stability robustness
theorem is used to show that the closed-loop system will be
stable using bending compensation inserted into the feedback
path. We present only the roll-yaw results.

Figure 7 displays the roll-yaw loop a[I + L ~ l(s)] vs fre-
quency using flight control designs with and without bending
compensation, and compares a[I + L ~ l(s)] with a[Em(s)].
The multiplicative uncertainty model Em(s) results from ne-
glecting the first two roll-yaw bending modes. The dashed
curve in Fig. 7 is a[7 + L ~l(s)] with no bending compensa-
tion. The figure shows that a[I + L ~ l(s)] and a[Em(s)] over-
lap. A closed-loop eigenanalysis indicates that the roll-yaw
system including bending is in fact closed-loop unstable. Fig-
ure 7 shows that the a[I + L~ l(s)] locus using bending com-

10"*' 10"1 10° 10 1 102 103 104

Freq -Hz
n MISMODELED

o[Em(jG>)] -ACTUATOR
UNCERTAINTY MODEL

Fig. 6 Robustness to mismodeled actuator dynamics.

pensation does not intersect a[Em(s)]. Thus, the added bend-
ing compensation stabilizes the flexible system.

Application of the ji-test:
Multivariable Stability Margin

This section compares the stability robustness of two roll-
yaw bank-to-turn autopilot designs.17'18 In addition to com-
paring these autopilots, the conservatism that results from
modeling the uncertainties as a full single-block matrix vs a
multiple-block diagonal matrix is demonstrated.

The SSV analysis was developed by Doyle9 to reduce the
conservatism of evaluating stability robustness using singular
value techniques. The SSV approach better defines the allowa-
ble uncertainties, structuring the matrix Em(s). By structuring
the allowable perturbations, less conservative estimates of sta-
bility robustness are produced. Here we will change the previ-
ous notation and denote uncertainties Em(s) as perturbations

The stability robustness of two autopilot designs are com-
pared by applying the SSV /x-test and varying the structure of
the allowable perturbations. The first autopilot design is a
lateral-directional stability axis roll-rate command autopilot,
denoted as plant shaping pole placement17 (PSPP), Eq. (32).
The second design is a linear quadratic Gaussian with loop
transfer recovery (LQG/LTR) design which incorporates inte-
gral control [robust servo (RS)] in commanding a stability axis
roll-rate. The RS LQG/LTR design is from Wise.18 The open-
loop roll-yaw plant G0(s) has two inputs and three outputs.
The frequency dependent LTM L(s), examined at the plant
input, is of dimension 2 x 2 and always has full rank. The
LTM L (s), examined at the plant output, is of dimension
3x3 .

Using plant input and output multiplicative uncertainty
(perturbation) models, we have

Input perturbation

Output perturbation

Simultaneous input-output perturbations

G(s) = [73 +

When we form the general BDP problem for these perturba-
tions, we have

GK)~1GK

A2
(35)
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Fig. 7 Roll-yaw robustness to bending dynamics.

which shows output perturbations coupling into input chan-
nels (A12) and input perturbations coupling into output chan-
nels (A2i). Our simultaneous input-output perturbation model,
Fig. 3, requires that A12 = A2i = 0.

Both the PSPP and RS LQG/LTR roll-rate command au-
topilots were designed to have good input loop break point
gain and phase margins. Figure 8 displays a matrix of the
upper bound on the allowable perturbation, which varies the
structure of the perturbations for these two designs. Columns
1 and 2 of Fig. 8 illustrate the perturbation structure, column
3 is the SSV /i-test applied to the PSPP design, and column 4
is the SSV pi-test applied to the RS LQG/LTR design. The
upper bound on A is the multivariable stability margin.

Row 1 of Fig. 8 analyzes the unstructured input perturba-
tion, with A = A! (2 x 2) a full matrix, and A2 = 0. In this
case the SSV p-test is equivalent to the stability robustness
theorem 4. The upper bound on the allowable perturbation is
taken as the min(a[7 + L ~ l(s)}). For the PSPP design, it is
0.69 and for the RS LQG/LTR design, it is 0.74. The RS
LQG/LTR design shows better robustness at the plant input.
The PSPP design uses plant shaping gains [Kl through K4,
Eq. (32)] to shape the zeros of the LTM, which decouples the
aileron and rudder input channels.17 The RS LQG/LTR de-
sign was shown to naturally decouple the roll and yaw loops
through the penalty parameters in the linear quadratic regula-
tor performance index design.18 The larger upper bound on
the allowable perturbation for the RS LQG/LTR design is
attributed to the better input decoupling in that design.

Row 2 of Fig. 8 structures the input perturbation matrix A
= Ai, which forces the matrix to be diagonal. This improves
the PSPP perturbation upper bound. The RS LQG/LTR de-
sign did not appreciably change. By structuring A to be diago-
nal, we eliminate the cross-channel input perturbations. The
large improvement in the PSPP upper bound again indicates
that the PSPP controller does not input decouple as well as the
RS LQG/LTR design.

Row 3 of Fig. 8 considers only output perturbations, with A
= A2 (3 x 3) a full matrix and At = 0. The stability robust-
ness theorem 4 perturbation bound at the plant output is very
small, which indicates almost no gain margin at the plant
output. The LTM at the plant output is a 3 x 3 matrix, and
at the plant input it is a 2 x 2 matrix. The units of the outputs
are ft/s2, rad/s, and rad/s. At the plant input, both control
variables have units of radians. The mismatch of units at the
plant output causes the conservative robustness prediction.
Singular values are very sensitive to scaling. Scaling the accel-
eration output to have similar units (divide by velocity and
convert acceleration to flight path angle rate) will improve the
singular value computation.

The PSPP roll rate command autopilot, Eq. (32), does not
use lateral acceleration. This allows us to reduce the open-loop
plant model output vector to just roll rate p and yaw rate r.
Thus, G0(s) and K(s) become 2 x 2 square matrices, which
creates a square system (controls equal outputs).We applied
the SSV ji-test for A = A2 a full 2 x 2 matrix, A! = 0, and
found that a[A] < 0.3106. This is a much higher upper bound
than in row 3, which indicates that the acceleration units did in
fact cause the low output stability margin.

Row 4 of Fig. 8 also indicates this. By structuring the output
perturbation matrix (making it diagonal), not allowing for
cross-channel perturbations, the PSPP perturbation bound
equals the input break point perturbation bound. We tested
the square PSPP design with A = A2 (2 x 2) diagonal and
obtained the same result as row 4, 0.7107.

The RS LQG/LTR output break point perturbation bound,
row 3, is also unrealistically small, i.e., 0.0137. In the RS
LQG/LTR design, the Kalman filter processes lateral acceler-
ation, roll rate /?, and yaw rate r to estimate the state vector
for feedback. We are not able to reduce the dimension of the
plant model (number of outputs) since lateral acceleration is
used. Thus, the poor scaling at the plant output is still a
problem. By structuring the output perturbation matrix A =
A2 to be diagonal, row 4, the perturbation bound improves to
0.3591. This isolates the perturbation in the acceleration out-
put channel from the other outputs. This eliminates the scaling
problem in the singular value computation.

The remaining rows of Fig. 8 analyze the simultaneous
input-output perturbations shown in Fig. 3. These results
show that the perturbation upper bound depends upon the
structure of the output perturbation matrix A2 contained in A.
The low output perturbation bounds shown in rows 3 and 4
are reflected in these results. As the matrix A = diag(A1} A2)
becomes more structured, the perturbation bound improves.

Our results show the utility of the SSV pi-test in predicting
multivariable stability margins. The small gain theorem, when
used for this purpose, predicts very conservative stability mar-
gins. This demonstrates the conservatism when modeling the
uncertainty as a full single-block matrix vs a multiple-block
diagonal matrix.

Structured Uncertainty Analysis:
Real Parameter Variations

In the previous section, the SSV /^-test was used to compute
multivariable stability margins. The A matrix modeled com-
plex variations introduced at the plant input and output loop
break points. In this section the SSV /x-test is used to analyze
real parameter variations (also denoted as A) modeled using a
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BDP structure (but with a different Mmatrix) as shown in Fig.
2b. The SSV \L produces conservative robustness bounds when
analyzing problems containing real parameter variations.
However, these conservative bounds still indicate the sensitiv-
ity to imperfect knowledge of design model coefficients. The
flight condition analyzed in this section uses an unstable air-
frame model (trim angle of attack of 16 deg).

As in the case of complex variations, we must formulate the
interconnection structure of Fig. 2b isolating the real parame-
ters that are under perturbation. This section presents a
method for formulating this structure and introduces the con-
cept of perturbation rank. Note that the M matrix in Fig. 2b
now models the effects of real parameter variations on the
nominal closed-loop system and is different from the M ma-
trix modeling complex variations at the plant input and out-
put.

The BDP structure of Fig. 2b, with A = 0, is a description
of the nominal closed-loop system. The approach developed
by Morton10'11 creates a state space triple (Am, Bm, Cm) for M
(s). Morton's technique isolates n real parameter variations
into A = diag[6/] by factoring out the variations in the closed-
loop system matrix. Model the closed-loop system (using com-
pensation) as

x=Aclx (36)

The closed-loop system matrix Acl is based upon uncertain
parameters, and is modeled as

(37)

In Eq. (37) the matrices Ef are the structural definitions for
each of the parameter perturbations 6/. Using this model, each
matrix £"/ is decomposed using a SVD £"/ = (/EF*. The matrix
E will have kf nonzero singular values where £/ is equal to the
rank of the matrix £"/. The rank (JE/) •=.'&/ denotes the rank of
the perturbation 6/. The zero singular values of E are dis-
carded, making E a £/ x £/ diagonal matrix. Using this new E,

(38)

where Iki is an identity matrix of order A:/. The matrices ft and
a/ in Eq. (38) depend only upon the magnitude of the /th
nominal parameter. The state space triple describing M(s) is
formed as

Am=A0;
Oil

(39)

If the state space description of the control system is linear
in the uncertain parameters, Eq. (36), the Morton method is
applicable. If the parameters multiply each other, then the
method is no longer applicable.

Sensitivity to Uncertain Aerodynamic
Stability Derivatives

The pitch flight control system model contains the following
four uncertain aerodynamic parameters:

(40a)

(40b)

M5=M60(l+64)

(40c)

(40d)

with each 16/1 < 1. When using the SSV /*, the above 6/ are
treated as complex variations in the analysis; even though they
are real. In some cases this may produce very conservative
robustness bounds.

The closed-loop system matrix Ad is then modeled as

Ad = A0 (41)

with the di defined in Eqs. (40).
An SVD of the matrices £"/,/ = 1, 2, 3, 4 indicates that the

uncertain aero parameters are all rank one perturbations.
Using Eqs. (38) and (39) the triple Am, Bm, Cm is computed.
The software used here to compute ju, vs frequency is the same
as that used in the previous section (in the previous section the
variation is complex, in this case it is real). Currently, there are
several new approaches19'20 available to compute /* for real
parameter variations. However, reliable software is generally
not available. We should note that the upper bound on the
allowable perturbation computed using our software is conser-
vative.

Weights 7, on each parameter variation 6/ can be introduced
where

This yields
= ft6/Q!/ =

(42)

(43)

where a/and ft are as defined as in Eq. (38).
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Fig. 9 Aerodynamic parameter SSV analysis.
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Figure 9 displays the inverse of the SSV p and a[M] fre-
quency response using unit weights (7, = 1.0). The infemum
of I/JLC and l/a[M] from these curves are

min(l//0 = 0.4902; min(l/a[M]) = 0.1378 (44)

The SSV robustness test indicates a 49% allowable variation
in the uncertain aerodynamic stability derivatives. If we apply
the stability robustness theorem 4 (presented earlier), we ob-
tain only a 14% variation bound. To determine the amount of
conservatism present in this robustness bound, a Monte Carlo
eigenanalysis was performed. Thousands of random closed-
loop matrices were examined. The Monte Carlo prediction
was 60-61%. At a 60% variation level, the closed-loop system
was stable. At a 61% variation, several unstable closed-loop
systems were formed. This missile autopilot application shows
the SSV variation bound is in fact conservative.

In Wise21 an exact bound on the aerodynamic stability
derivatives was calculated using the De Gaston-Safonov20 al-
gorithm. The exact bound was computed at 60.44%. A soft-
ware implementation of the De Gaston-Safonov20 algorithm is
presented in Wise.22

Variations in Dynamic Pressure Modeled as a
Real Parameter Variation

Dynamic pressure Q. (psf) is dependent upon air density p
and missile velocity V through the relation Q = 1 /2pK2. The
aerodynamic stability derivatives are linear functions of dy-
namic pressure. The aerodynamic stability derivative Za is
obtained from

C^QS
mV (45)

where Cza is a nondimensional stability derivative, S is a
reference area (ft2), mis missile mass (Ibm), and Vis missile
velocity. The other three aerodynamic stability derivatives are
obtained in a similar fashion.

The SSV-in-test is applied to this problem using the closed-
loop system model in Eq. (36). Let Q be modeled as Q = Q0
+ 5,. In this case Eq. (36)isAd = A0 + E{8{. The matrix £t
has rank equal to 2. The matrix A and M are

= diag(615i) (46)

Figure 10 displays the l//i and l/a[M] frequency responses.
The minimums of these curves are min(l/^i) = 583.8, and
min(l/a[M]) = 160.5. The nominal value of Q is Q0 = 950.1
(psf). The SSV robustness test predicts a 61.45% allowable
variation. The small gain theorem predicts a 16.89% allowable

1900.

= 95.

-120 -100 -80 -60

REAL

Fig. 11 Dynamic pressure root locus.

variation. To determine how conservative these robustness
predictions are, a root locus varying Q was computed and is
shown in Fig. 11. Figure 11 is a plot of the eigenvalues of Ac\
varying Q. The root locus plots show that the closed-loop
system remains stable for a Q range of 95.0 < Q < 2Q0,
which is slightly more than a 90% variation. This also demon-
strates the conservatism in the SSV robustness prediction
when evaluating robustness to real parameter variations.

Conclusions
Robustness theorems by Doyle and Lehtomaki were used to

determine autopilot sensitivity to neglected and mismodeled
actuator dynamics and neglected bending dynamics. The actu-
ator results determined the minimum actuator natural fre-
quency required to guarantee stability. For our design exam-
ple, this was 2.8 Hz. The bending analysis showed that
bending compensation was required to remove flexible body
effects in order to maintain closed-loop stability. It is evident
that many of the classical loop-shaping concepts can be ap-
plied in shaping singular value frequency responses.

The structured singular value /*-test was found to be an
excellent method for computing multivariable stability mar-
gins. These margins, based upon complex perturbations at the
plant input and output, were found to be dependent upon the
structure of the perturbation matrix A. The diagonal perturba-
tion structures were found to yield the largest stability mar-
gins.

The block diagonal perturbation structure, used in the SSV
analysis, was also applied to the problem of real parameter
variations. The SVD of the perturbation structural definition
matrices was easily automated. Application of the SSV pi-test
yielded a 49.0% perturbation bound when all of the aero-
parameters were allowed to vary. Although the SSV bound on
real parameter variations is conservative, it still provides the
design engineer with a computable measure of the sensitivity
to imperfect knowledge of design model coefficients.
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